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1. Introduction
A Riesz space is an ordered vector space which is a lattice at the same time. It was ﬁrst introduced by F. Riesz [11]
in 1928. Riesz spaces have many applications in measure theory, operator theory and optimization. They have also some
applications in economics (see [1]).
Recall that a topology on a vector space that makes the operations of addition and scalar multiplication continu-
ous is said to be a linear topology. A vector space equipped with a linear topology is called a topological vector space.
A Riesz space equipped with a linear topology that has a base at zero consisting of solid sets is called a locally solid Riesz
space [1].
As for the statistical convergence, it is a generalization of the ordinary convergence of a real sequence, which was ﬁrst
deﬁned in 1951 by H. Fast [3] and H. Steinhaus [13] independently. This concept has been studied by many mathematicians
up to date (see, for instance [4,5,10]). Finally, the notion of statistical convergence was deﬁned in a more general topological
space by G.D. Maio and Lj.D.R. Kocˇinac [9]. A study related to our current work in this area is the one by I.J. Maddox [8]
in which the statistical convergence was introduced in a topological vector space by using pre-norms. In this work, we
introduce the concept of statistical convergence and statistical continuity in a locally solid Riesz space and investigate
certain their properties by using the mathematical tools of the theory of topological vector spaces.
2. Preliminaries
In this section, we recall some of the basic concepts related to Riesz spaces and statistical convergence, and we refer to
[1,6,7,14] for more details.
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1888 H. Albayrak, S. Pehlivan / Topology and its Applications 159 (2012) 1887–1893Deﬁnition 2.1. Let L be a real vector space and let  be a partial order on this space. L is said to be an ordered vector space
if it satisﬁes the following properties:
(i) If x, y ∈ L and y  x, then y + z x+ z for each z ∈ L.
(ii) If x, y ∈ L and y  x, then λy  λx for each λ 0.
If, in addition, L is a lattice with respect to the partial ordering, then L is said to be a Riesz space (or a vector lattice).
For an element x of a Riesz space L the positive part of x is deﬁned by x+ = x∨ θ , the negative part of x by x− = (−x)∨ θ ,
and the absolute value of x by |x| = x∨ (−x), where θ is the element zero of L.
A subset S of a Riesz space L is said to be solid if y ∈ S and |x| |y| imply that x ∈ S .
A topology τ on a real vector space L that makes the addition and the scalar multiplication continuous is said to be a
linear topology, that is, the topology τ makes the functions
(x, y) → x+ y (from L × L to L),
(λ, x) → λx (from R× L to L)
continuous. In this case, the pair (L, τ ) is called a topological vector space.
Every linear topology τ on a vector space L has a base N for the neighborhoods of θ (zero) satisfying the following
properties:
(a) Each V ∈N is a balanced set; that is, λx ∈ V holds for all x ∈ V and every λ ∈R with |λ| 1.
(b) Each V ∈N is an absorbing set; that is, for every x ∈ L, there exists a λ > 0 such that λx ∈ V .
(c) For each V ∈N there exists some W ∈N with W + W ⊆ V .
Deﬁnition 2.2. ([12]) A linear topology τ on a Riesz space L is said to be locally solid if τ has a base at zero consisting of
solid sets. A locally solid Riesz space (L, τ ) is a Riesz space L equipped with a locally solid topology τ .
In this paper, by the symbol Nsol we will denote any base at zero consisting of solid sets and satisfying the properties (a),
(b) and (c) in a locally solid topology.
A function f : A → (L2, τ2), from a subset A of a topological vector space (L1, τ1) to another topological vector space
(L2, τ2) is called uniformly continuous if for every τ2-neighborhood V of zero of L2, there exists a τ1-neighborhood W of
zero of L1 such that f (x) − f (y) ∈ V whenever x, y ∈ A and x− y ∈ W .
Now we recall some of the basic concepts related to statistical convergence.
Deﬁnition 2.3. ([2]) Let A ⊆ N and A(n) := |({1, . . . ,n} ∩ A)|, where | · | denotes the cardinality of that set. If the limit
δ(A) := limn→∞ A(n)n exists, then δ(A) is called the asymptotic density of the set A.
Deﬁnition 2.4. ([9]) A sequence (xn) in a topological space X is said to be statistically convergent to x0 ∈ X , if for every
neighborhood U of x0, we have
δ
({n ∈N: xn /∈ U }) = 0.
3. Statistical topological convergence in locally solid Riesz spaces
In this section, we introduce the concept of statistical topological convergence of a sequence in a locally solid Riesz
space, and present some basic results.
Deﬁnition 3.1. Let (L, τ ) be a locally solid Riesz space and (xn) be a sequence in L. We say that (xn) is statistically τ -
convergent to x0 ∈ L provided that, for every τ -neighborhood U of zero,
lim
n→∞
1
n
∣∣{k n: xk − x0 /∈ U }∣∣ = 0
holds. We denote this by stτ − lim xn = x0 (or xn st−τ−−−→ x0, brieﬂy).
Brieﬂy, the sequence (xn) is statistically τ -convergent to x0 ∈ L, if δ(AU ) = 0 for each τ -neighborhood U of zero, where
AU = {n ∈N: xn − x0 /∈ U }.
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ordering. In this space, let us deﬁne a sequence (xn) by
xn =
{
(2+ 1n ,1+ 3n ) for n = k2,
(5,5) for n = k2
where k ∈ N. The family Nsol of all V (ε) deﬁned by
V (ε) = {x ∈ R2: ‖x‖ < ε}
where 0 < ε ∈R, constitutes a base at zero (θ = (0,0)). For x0 = (2,1), we have
xn − x0 =
{
( 1n ,
3
n ) for n = k2,
(3,4) for n = k2.
For every τ -neighborhood U of zero, there exists some V (ε) ∈Nsol , ε > 0 such that V (ε) ⊆ U and{
n ∈N: xn − x0 /∈ V (ε)
} = A ∪ {1,4,9,16, . . . ,k2, . . .}
where A is a ﬁnite set. Then, we have
δ
({n ∈N: xn − x0 /∈ U }) δ({n ∈N: xn − x0 /∈ V (ε)})
= δ(A) + δ({1,4,9,16, . . . ,k2, . . .}) = 0.
Consequently, we have stτ − lim xn = (2,1).
Deﬁnition 3.2. Let (xn) be a sequence in a locally solid Riesz space (L, τ ). If there exists some λ > 0 such that
δ
({n ∈N: λxn /∈ U }) = 0
holds for every τ -neighborhood U of zero, then we say that (xn) is statistically τ -bounded.
Deﬁnition 3.3. Let (xn) be a sequence in a locally solid Riesz space (L, τ ). If there exists some k ∈ N such that
δ
({n ∈N: xn − xk /∈ U }) = 0
holds for every τ -neighborhood U of zero, then we say that (xn) is statistically τ -Cauchy.
Theorem 3.1. Let (L, τ ) be a Hausdorff locally solid Riesz space, (xn) and (yn) be two sequences in L. Then the following hold:
(a) If stτ − lim xn = x1 and stτ − lim xn = x2 , then x1 = x2 .
(b) If stτ − lim xn = x, then stτ − limαxn = αx for each α ∈ R.
(c) If stτ − lim xn = x and stτ − lim yn = y, then stτ − lim(xn + yn) = x+ y.
Proof. (a) Let U be any τ -neighborhood of zero. Then, there exists a V ∈Nsol such that V ⊆ U . Choose a W ∈Nsol such
that W + W ⊆ V . If stτ − lim xn = x1 and stτ − lim xn = x2, then we have δ(K1) = δ(K2) = 1, where
K1 = {n ∈N: xn − x1 ∈ W }
and
K2 = {n ∈N: xn − x2 ∈ W }.
Now let K = K1 ∩ K2. Then, we have
x1 − x2 = x1 − xn + xn − x2 ∈ W + W ⊆ V ⊆ U
for every n ∈ K . Hence for every τ -neighborhood U of zero we have x1 − x2 ∈ U . Since (L, τ ) is Hausdorff, the intersection
of all τ -neighborhoods U of zero is the singleton {θ}. Thus we get x1 − x2 = θ , i.e., x1 = x2.
(b) Let stτ − lim xn = x. Let U be an arbitrary τ -neighborhood of zero. Then there exists a V ∈Nsol such that V ⊆ U .
Since stτ − lim xn = x, we have
δ
({n ∈N: xn − x ∈ V }) = 1.
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{n ∈N: xn − x ∈ V } ⊆ {n ∈N: αxn − αx ∈ V } ⊆ {n ∈N: αxn − αx ∈ U }.
Thus we get
δ
({n ∈N: αxn − αx ∈ U }) = 1
for each τ -neighborhood U of zero. Now let |α| > 1 and |α| be the smallest integer greater than or equal to |α|. There
exists a W ∈Nsol such that |α|W ⊆ V . Since stτ − lim xn = x, we have δ(K ) = 1 where
K = {n ∈N: xn − x ∈ W }.
Then we have
|αx− αxn| = |α||x− xn|
⌈|α|⌉|x− xn| ∈ ⌈|α|⌉W ⊆ V ⊆ U ,
for each n ∈ K . Since the set V is solid, we have αx− αxn ∈ V and so αx− αxn ∈ U for each n ∈ K . Thus we get
δ
({n ∈N: αxn − αx ∈ U }) = 1
for each τ -neighborhood U of zero. Hence stτ − limαxn = αx for every α ∈ R.
(c) Let U be an arbitrary τ -neighborhood of zero. Then there exists a V ∈Nsol such that V ⊆ U . Let us choose another
W ∈Nsol such that W + W ⊆ V . Since stτ − lim xn = x and stτ − lim yn = y, we have δ(K1) = δ(K2) = 1 where
K1 = {n ∈N: xn − x ∈ W }
and
K2 = {n ∈N: yn − y ∈ W }.
Now let K = K1 ∩ K2. Hence we have δ(K ) = 1 and
(xn + yn) − (x+ y) = (xn − x) + (yn − y) ∈ W + W ⊆ V ⊆ U
for each n ∈ K . Thus we get
δ
({
n ∈N: (xn + yn) − (x+ y) ∈ U
}) = 1.
Since U is arbitrary, we have stτ − lim(xn + yn) = x+ y. 
Theorem 3.2. If a sequence (xn) in a locally solid Riesz space (L, τ ) is statistically τ -convergent, then it is statistically τ -bounded.
Proof. Let (xn) be statistically τ -convergent to the point x0 ∈ L. Let U be an arbitrary τ -neighborhood of zero. Then there
exists a V ∈Nsol such that V ⊆ U . Let us choose W ∈Nsol such that W + W ⊆ V . Since xn st−τ−−−→ x0, we have δ(K ) = 0,
where K = {n ∈ N: xn−x0 /∈ W }. Since W is absorbing, there exists a μ > 0 such that μx0 ∈ W . Let λ be such that λ 1 and
λμ. Since W is solid and |λx0| |μx0|, we have λx0 ∈ W . Since W is balanced, xn − x0 ∈ W implies that λ(xn − x0) ∈ W .
Then we have
λxn = λ(xn − x0) + λx0 ∈ W + W ⊆ V ⊆ U
for each n ∈N \ K , and thus we get
δ
({n ∈N: λxn /∈ U }) = 0.
Consequently, (xn) is statistically τ -bounded. 
Theorem 3.3. If a sequence (xn) in a locally solid Riesz space (L, τ ) is statistically τ -convergent, then it is statistically τ -Cauchy.
Proof. Let (xn) be statistically τ -convergent to the point x0 ∈ L and U an arbitrary τ -neighborhood of zero. Then there
exists a V ∈Nsol such that V ⊆ U . Let us choose W ∈Nsol such that W + W ⊆ V . Since xn st−τ−−−→ x0, we have δ(K ) = 0,
where K = {n ∈ N: xn − x0 /∈ W }. We have
xn − xk = xn − x0 + x0 − xk ∈ W + W ⊆ V ⊆ U
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{n ∈ N: xn − xk /∈ U } ⊆ K .
Hence there exists some k ∈N such that
δ
({n ∈N: xn − xk /∈ U }) = 0
holds for each τ -neighborhood U of zero, which proves that (xn) is statistically τ -Cauchy. 
Theorem 3.4. Let (L, τ ) be a locally solid Riesz space. Let (xn), (yn) and (zn) be three sequences in L such that xn  yn  zn for each
n ∈ N. If stτ − lim xn = stτ − lim zn = a holds, then stτ − lim yn = a.
Proof. Let U be an arbitrary τ -neighborhood of zero. Then there exists a V ∈Nsol such that V ⊆ U . Let us choose W ∈Nsol
such that W +W ⊆ V . Since stτ − lim xn = stτ − lim zn = a, the sets K1 = {n ∈N: xn −a ∈ W } and K2 = {n ∈N: zn −a ∈ W }
have asymptotic density 1. Now let K = K1 ∩ K2. Then we have
xn  yn  zn,
xn − a yn − a zn − a,
|yn − a| |xn − a| + |zn − a| ∈ W + W ⊆ V ,
for each n ∈ K . Since V is solid,
yn − a ∈ V ⊆ U
for each n ∈ K . Thus we have
δ
({n ∈N: yn − a ∈ U }) = 1
for each τ -neighborhood U of zero. Hence we get stτ − lim yn = a. 
4. Statistical continuity in locally solid Riesz spaces
Deﬁnition 4.1. Let (L1, τ1) and (L2, τ2) be locally solid Riesz spaces and A ⊂ L1. A function f : A → L2 is said to be statisti-
cally continuous at a point x0 ∈ A if xn st−τ1−−−−→ x0 in A implies f (xn) st−τ2−−−−→ f (x0) in L2.
Theorem 4.1. If a function f : L1 → L2 between two locally solid Riesz spaces is uniformly continuous, then f is statistically continu-
ous.
Proof. Let the function f : (L1, τ1) → (L2, τ2) be uniformly continuous and xn st−τ1−−−−→ x0 holds in L1. Let us denote the zeros
of L1 and L2 by θ1 and θ2, respectively. Let V be an arbitrary τ2-neighborhood of θ2. Since f is uniformly continuous, there
exists some τ1-neighborhood W of θ1 such that
x− y ∈ W ⇒ f (x) − f (y) ∈ V . (1)
Since xn
st−τ1−−−−→ x0, we have δ(K ) = 1, where K = {n ∈ N: xn − x0 ∈ W }. By (1), we have
f (xn) − f (x0) ∈ V
for each n ∈ K . Then we get
K ⊆ {n ∈ N: f (xn) − f (x0) ∈ V },
and hence
δ
({
n ∈ N: f (xn) − f (x0) ∈ V
}) = 1.
Thus we have f (xn)
st−τ2−−−−→ f (x0), which shows that f is statistically continuous. 
Theorem 4.2. Let (L, τ ) be a locally solid Riesz space. Then the mappings
(a) (L, τ ) × (L, τ ) → (L, τ ); (x, y) → x∨ y,
(b) (L, τ ) × (L, τ ) → (L, τ ); (x, y) → x∧ y,
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(d) (L, τ ) → (L, τ ); x → x− ,
(e) (L, τ ) → (L, τ ); x → x+
are all statistically continuous.
Proof. (a) Let stτ×τ − lim(xn, yn) = (x, y) and U be an arbitrary τ -neighborhood of zero in L. Then there exists a V ∈Nsol
such that V ⊆ U . Let us choose W ∈Nsol such that W +W ⊆ V . Since stτ×τ − lim(xn, yn) = (x, y), we have δ(K ) = 1, where
K = {n ∈ N: (xn − x, yn − y) ∈ W × W }.
Also we have
|xn ∨ yn − x∨ y| |xn − x| + |yn − y| ∈ W + W ⊆ V
for every n ∈ K . Since V is solid, we have xn ∨ yn − x∨ y ∈ V for every n ∈ K . Then we get
{n ∈N: xn ∨ yn − x∨ y ∈ U } ⊇ K ,
and thus
δ
({n ∈N: xn ∨ yn − x∨ y ∈ U }) = 1.
Consequently, we have stτ − lim(xn ∨ yn) = x∨ y.
(b) Let U be an arbitrary τ -neighborhood of zero. Then there exists a V ∈Nsol such that V ⊆ U . Let us choose W ∈Nsol
such that W + W ⊆ V . Let stτ×τ − lim(xn, yn) = (x, y). Then we have δ(K ) = 1 where
K = {n ∈ N: (xn − x, yn − y) ∈ W × W }.
Also we have
|xn ∧ yn − x∧ y| =
∣∣− [(−xn) ∨ (−yn)]+ [(−x) ∨ (−y)]∣∣

∣∣(−x) − (−xn)∣∣+ ∣∣(−y) − (−yn)∣∣
= |xn − x| + |yn − y| ∈ W + W ⊆ V
for every n ∈ K . Since V is solid, we have xn ∧ yn − x∧ y ∈ V for every n ∈ K . Then we get
δ
({n ∈N: xn ∧ yn − x∧ y ∈ U }) = 1.
Hence stτ − lim(xn ∧ yn) = x∧ y.
(c) Let U be an arbitrary τ -neighborhood of zero. Then there exists a V ∈Nsol such that V ⊆ U . Let us choose W ∈Nsol
such that W + W ⊆ V . Let stτ − lim xn = x ∈ L. Then we have δ(K ) = 1, where
K = {n ∈N: xn − x ∈ W }.
We have∣∣|xn| − |x|∣∣ = ∣∣[xn ∨ (−xn)]− [x∨ (−x)]∣∣
 |xn − x| +
∣∣(−xn) − (−x)∣∣ ∈ W + W ⊆ V
for every n ∈ K . Since V is solid, we have |xn| − |x| ∈ V for every n ∈ K . Then we get
δ
({
n ∈N: |xn| − |x| ∈ U
}) = 1.
Hence stτ − lim |xn| = |x|.
(d) Let U be an arbitrary τ -neighborhood of zero. Then there exists a V ∈Nsol such that V ⊆ U . Let stτ − lim xn = x.
Then we have δ(K ) = 1, where
K = {n ∈N: xn − x ∈ V }.
Also we have∣∣x−n − x−∣∣ = ∣∣[(−xn) ∨ 0]− [(−x) ∨ 0]∣∣ ∣∣(−xn) − (−x)∣∣+ |0− 0|
= |x− xn| ∈ V
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δ
({
n ∈ N: x−n − x− ∈ U
}) = 1,
and thus stτ − lim x−n = x− .
(e) Let U be an arbitrary τ -neighborhood of zero. Then there exists a V ∈Nsol such that V ⊆ U . Let stτ − lim xn = x.
Then we have δ(K ) = 1, where
K = {n ∈N: xn − x ∈ V }.
We also have∣∣x+n − x+∣∣ = ∣∣(xn ∨ 0) − (x∨ 0)∣∣ |xn − x| + |0− 0|
= |xn − x| ∈ V
for every n ∈ K . Since V is solid, we have x+n − x+ ∈ V for every n ∈ K . Then we get
δ
({
n ∈ N: x+n − x+ ∈ U
}) = 1,
and thus stτ − lim x+n = x+ . 
References
[1] C.D. Aliprantis, O. Burkinshaw, Locally Solid Riesz Spaces with Applications to Economics, second ed., Amer. Math. Soc., 2003.
[2] R.C. Buck, Generalized asymptotic density, Amer. J. Math. 75 (1953) 335–346.
[3] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951) 241–244.
[4] J.A. Fridy, On statistical convergence, Analysis 5 (1985) 301–313.
[5] J.A. Fridy, Statistical limit points, Proc. Amer. Math. Soc. 118 (1993) 1187–1192.
[6] L.V. Kantorovich, Lineare halbgeordnete Raume, Rec. Math. 2 (1937) 121–168.
[7] W.A.J. Luxemburg, A.C. Zaanen, Riesz Spaces I, North-Holland, Amsterdam, 1971.
[8] I.J. Maddox, Statistical convergence in a locally convex space, Math. Proc. Cambridge Philos. Soc. 104 (1988) 141–145.
[9] G.D. Maio, Lj.D.R. Kocˇinac, Statistical convergence in topology, Topology Appl. 156 (2008) 28–45.
[10] M.A. Mamedov, S. Pehlivan, Statistical cluster points and turnpike theorem in nonconvex problems, J. Math. Anal. Appl. 256 (2001) 686–693.
[11] F. Riesz, Sur la décomposition des opérations fonctionelles linéaires, in: Atti del Congr. Internaz. dei Mat., 3, Bologna, 1928, Zanichelli, 1930, pp. 143–
148.
[12] G.T. Roberts, Topologies in vector lattices, Math. Proc. Cambridge Philos. Soc. 48 (1952) 533–546.
[13] H. Steinhaus, Sur la convergence ordinarie et la convergence asymptotique, Colloq. Math. 2 (1951) 73–74.
[14] A.C. Zaanen, Introduction to Operator Theory in Riesz Spaces, Springer-Verlag, 1997.
